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mathematical goals

LHS: Dqp
G
G q-mod

Understand the category of strongly equivariant DqpGq-modules,
where DqpGq is the algebra of quantum differential operators on G,
G “ GLpNq,SLpNq

How? By using Jordan’s functor (Schur-Weyl)

Fd : Dqp
G
G
q-mod Ñ DAHA -mod

M ÞÑ pVbd âMqinv

where V “ the N-dimensional defining representation of G

RHS: DAHA-mod
DAHA “ double affine Hecke algebra
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goal of talk

Define family of functors (Jordan 0805.2766)

Fd : Dqp
G
G
q-mod Ñ DAHA -mod

and describe Fdpbasicq for G “ GLpNq or SLpNq

d “ kN

basic ÞÑ rectangular

OqpGq ÞÑ LpkNq

Combinatorics
Combinatorial analysis of FkNpOqpGqq and LpkNq
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Combinatorics ø Multiplicity-free phenomena

Pieri Rule (special case)

s sλ “ h1sλ “ e1sλ “
ÿ

µ“λ`

sµ

G “ GLpNq or SLpNq g “ glpNq or slpNq

Defining representation: V “ V pε1q “ C
N ý G (or g or Uqpgq)

Weights of V are ε1, ε2, . . . , εN

V
â

V pλq »
à

1ďiďN
λ`εi PP`

V pλ` εiq

dim HomgpV pµq,V
Â

V pλqq “ 1 or 0
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Combinatorics ø Multiplicity-free phenomena

dim HomgpV pµq,V
â

V pλqq “ 1 or 0

Iterate to get basis of HomgpV pµq,Vbd ÂV pλqq

Basis arises as eigenbasis of commuting operators built out of Casimir
(ribbon element, double braiding, R-matrix).

¨ ¨ ¨

Vbd´1 b V b V pλq

¨ ¨ ¨

Vbd´2 b VbV b V pλq

¨ ¨ ¨

Vbd b V pλq
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Case µ “ λ

HomUqpgqpV pλq b detd/N,Vbd ÂV pλqq » pVbd ÂV pλq b V pλq˚qinv

AHA = affine Hecke algebra (of type A)
´

Vbd âV pλq b V pλq˚
¯inv

is an AHAd representation
Arakawa–Suzuki 9710037, Arakawa–Suzuki–Tsuchiya 9710031

DAHA = double affine Hecke algebra (of type SL or GL)
à

λPP`

´

Vbd âV pλq b V pλq˚
¯inv

is a DAHAd representation.
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d “ kN

DAHA, d “ kN

´

Vbd âOqpGq
¯inv

“

˜

Vbd âp
à

λPP`
V pλq b V pλq˚q

¸inv

´

Vbd âOqpGq
¯inv

“ FdpOqpGqq
´

Vbd âM
¯inv

“ FdpMq Jordan’s functor

Theorem (Jordan-V 1708.06024)
The DAHAd representation

FdpOqpGqq » LpkNq
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d “ kN

DAHA

The DAHAd representation

FdpOqpGqq “

˜

Vbd âp
à

λPP`
V pλq b V pλq˚q

¸inv

» LpkNq

Uqpgq structure on OqpGq (Peter-Weyl type theorem)

OqpGq »
à

λPP`
V pλq b V pλq˚

How do we recognize which DAHA representation?
DAHA Ě CrY˘1

1 , . . . ,Y˘1
d s “: Y.

RHS and LHS each have Y -weight-basis, i.e. ResY is multiplicity-free.
When action of Yi on basis is “nice,” can recover module structure.
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DAHA action on FpMq, M is a DqpGq-module

Y1 “ pR12R21q1 “ pρV b idqpR12R21q P EndpV q
â

Uqpgq

X1 “ pR12R21q2

Build on

Calaque-Enriquez-Etingof 0702670
Arakawa-Suzuki 9710037
Arakawa-Suzuki-Tsuchiya 9710031
Lyubashenko-Majid

Monica Vazirani FpOqpGqq » LpkN q ý DAHA Oct 27, 2018 9 / 27



DAHA action (Jordan 0805.2766)

V b ¨ ¨ ¨ b V b V b ¨ ¨ ¨ bM

Ti „ R matrix

Vbd´1 b V b V pλq b V pλq˚

Y1 double braiding

Vbd´1 b V b pV pλq b V ˚q b pV pλq b V ˚q
˚

Vbd´1 V V pλq V ˚ V V pλq˚

Vbd´1 b V b V pλq b V pλq˚

X1
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DAHA action (Jordan 0805.2766)

Since we are lucky, it suffices to calculate how the Yi act.
Yi “ Ti´1Yi´1Ti´1

¨ ¨ ¨

Vbd´1 b V b V pλqbV pλq˚

Y1

¨ ¨ ¨

Vbd´2 b VbV b V pλq b V pλq˚

Y2

¨ ¨ ¨

Vbd b V pλqbV pλq˚

Yd

Luck here means multiplicity-free phenomenon AND we can “ignore”
the V pλq˚
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slp2q N “ 2 combinatorics

Pieri rule
m “ λ P P` “ Zě0

V
â

V pmq » V pm`1q
à

V pm´1q

if m ě 1
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slp2q N “ 2 d “ 4 “ 2 ¨ 2 m “ 3

Iterated

V b V b V b V
â

V p3q b V p3q˚

V b V b V b V p4q b V p3q˚

V b V b V p5q b V p3q˚ 3 4

V b V p4q b V p3q˚

V p3q b V p3q˚
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slp2q N “ 2 d “ 4 “ 2 ¨ 2 m “ 3

V b V b V b V
â

V p3q b V p3q˚

V b V b V b V p4q b V p3q˚

V b V b V p5q b V p3q˚

V b V p4q b V p3q˚ 3 4 5

V p3q b V p3q˚
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slp2q N “ 2 d “ 4 “ 2 ¨ 2 m “ 3

V b V b V b V
â

V p3q b V p3q˚

V b V b V b V p4q b V p3q˚

V b V b V p5q b V p3q˚

V b V p4q b V p3q˚

V p3q b V p3q˚ 3 4 5
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slp2q N “ 2 d “ 4 “ 2 ¨ 2 m “ 3

V b V b V b V
â

V p3q b V p3q˚

V b V b V b V p4q b V p3q˚

V b V b V p5q b V p3q˚

V b V p4q b V p3q˚

V p3q b V p3q˚

0 1 2 3 4 5 6
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slp2q, N “ 2, d “ 4 “ 2 ¨ 2 “ kN basis

0 1 2 3 4 5 6

“
m

m

m
m ě 1

m
m ě 1

m
m ě 1

m
m ě 2
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slp2q, N “ 2, d “ 4 “ 2 ¨ 2 “ kN skew tableaux

0 1 2 3 4 5 6

“

m

1 2
3 4

m
1 3

2 4
m

m
˚

m
m ě 1

1 4
2 3

m

m
˚

m
m ě 1

2 3
1 4

m

m
˚

m
m ě 1

2 4
1 3

m

m
˚

m
m ě 2

3 4
1 2

m

m
˚
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slp2q, N “ 2, d “ 4 “ 2 ¨ 2 “ kN, d-periodic

0 1 2 3 4 5 6

“

m

´6´3´2 1 2
3 4 7 8 11

5
1512
6´7

0

´2 1
7 8
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slp2q, N “ 2, d “ 4 “ 2 ¨ 2 “ kN d-periodic

0 1 2 3 4 5 6

“

m

1 2
3 4

-6-3-2 1 2
3 4 7 811

m
1 3

2 4
-5-3-1 1 3
2 4 6 810

m
m ě 1 1 4

2 3
-4-3 0 1 4
2 3 6 710

m
m ě 1 2 3

1 4
-5-2-1 2 3
1 4 5 8 9

m
m ě 1 2 4

1 3
-4-2 0 2 4
1 3 5 7 9

m
m ě 2 3 4

1 2
-4-1 0 3 4
1 2 5 6 9
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DAHA action on LpkNq Yi on weight basis

DAHA already knows how to act on periodic tableaux

´2 1
7 8

´6´3´2 1 2
3 4 7 8 11

´5 ´3 ´1 1 3 50

5
1512
6´7

0

´6´3´2 1 2
3 4 7 8 11

´5 ´3 ´1 1 3 5

5
1512
6´7

0

diagonals

spectrum
Y1 Y2 Y3 Y4

q3 q5 q´5 q´3
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Casimir ν

Vbd´1 b V b V pλq b V pλq˚
Y1

on inv ∆pνq “ R21R12pν
´1 b ν´1q

Caspm ` 1q
CaspmqCasp1q

“ qdiag 1

slpNq

qi´1 ¨ txγ`2ρ,γy´xβ`2ρ,βy´xω1`2ρ,ω1y “ qdiag i

λÑ ¨ ¨ ¨β
i thstep
ÝÝÝÝÑ γ ¨ ¨ ¨ Ñ λ

Yi spectrum

Monica Vazirani FpOqpGqq » LpkN q ý DAHA Oct 27, 2018 22 / 27



DAHA action, G “ GLpNq

L :“ spantd-periodic skew tableaux u
Basis = Y -weight basis of L

[Ram, Suzuki-V] Theory of Y -semisimple/ calibrated DAHAd -modules
ùñ

L » LpkNq

“

L
ˆ ˙

!

k

N
!
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d “ kN, G “ GLpNq

Haff
d � Hd ý

k
N

IndDAHAAHA k
N “: MpkNq� LpkNq

unique
simple
quotient

Why is
`

Vbd ÂOqpGq
˘inv

» LpkNq?
Same Y spectrum, D Y-weight basis
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Future: other M

Thank you
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DqpGq

DqpGq OqpGq DAHA

X˘ Y˘

DpGq OpGq
Dpgq Crgs RCA

x y
creation Dunkl
acts freely

Toy Crx , Bx s Crxs x Bx
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OqpGq
Today’s DqpGq-module is M “ OqpGq

“ quantum deformation of polynomial functions on G
» “locally finite subalgebra” Uqpgq

locfin

» algebra of matrix coefficients

OqpGq quantizes the Semenov-Tian-Shansky bracket, so is
conjugation equivariant (vs Sklyanin bracket L/R)

DqpGq “ OqpGqrbOqpGq

carries 3 actions of Uqpgq
locfin — ad, R, L

Uqpgq
locfin structure

M “ OqpGq »
à

λPP`
V pλq b V pλq˚

(Peter-Weyl type theorem)
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