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Denote by:

Sym = ring of symmetric functions

f ⊥ = adjoint of f ∈ Sym w.r.t 〈f ⊥u, v〉 = 〈u, fv〉.

The Bernstein operators are given by:

Ba :=
∑

n−m=a

(−1)mhne
⊥
m a ∈ Z

B∗a :=
∑

m−n=a

(−1)nenhm a ∈ Z

If λ = (λ1, λ2, . . . , λn) with λi ≥ λi+1 then:

Theorem (Zelevinsky)

Bλ1 . . .Bλn(1) = sλ

B∗λn . . .B
∗
λ1

(sλ) = 1
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The Heisenberg algebra h has generators p(m), q(m) for m ∈ N modulo the
relations

[p(m), p(n)] = [q(m), q(n)] = 0

[q(n), p(m)] =
∑

k>0 p
(m−k)q(n−k)

h ⊂ End(Sym) via p(n) → hn and q(n) → h⊥n .

Also, h has generators p(1n), q(1n) for n ∈ N such that

p(1n) → en q(1n) → e⊥n

Ba :=
∑

n−m=a

(−1)mp(n)q(1m) a ∈ Z

B∗a :=
∑

m−n=a

(−1)np(1n)q(m) a ∈ Z
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Nicolle E.S. González Categorical Bernstein Operators 3 / 14

The Heisenberg algebra h has generators p(m), q(m) for m ∈ N modulo the
relations

[p(m), p(n)] = [q(m), q(n)] = 0

[q(n), p(m)] =
∑

k>0 p
(m−k)q(n−k)

h ⊂ End(Sym) via p(n) → hn and q(n) → h⊥n .

Also, h has generators p(1n), q(1n) for n ∈ N such that

p(1n) → en q(1n) → e⊥n

Ba :=
∑

n−m=a

(−1)mp(n)q(1m) a ∈ Z

B∗a :=
∑

m−n=a

(−1)np(1n)q(m) a ∈ Z
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Khovanov introduced a category H

with generating objects of the form Pλ,Qλ for λ ` n

morphisms given by planar diagrams modulo certain relations

whose action on
⊕

n∈NC[Sn]-mod is given by:

P n+1 n  Indn+1
n : C[Sn]-mod → C[Sn+1]-mod

Q n n+1  Resnn+1 : C[Sn+1]-mod → C[Sn]-mod

In particular if the rightmost region is 0:

Q(1) = 0 and

Pλ(1) ' Sλ.

Theorem (Khovanov)

h ↪→ K0(H)

P(n) → p(n) Q(n) → q(n)

P(1n) → p(1n) Q(1n) → q(1n)
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Categorical Fock Space

VFock =
⊕

n∈NC[Sn]−mod

Khovanov’s Heisenberg Category H: a monoidal, idempotent complete
category whose object are generated by P,Q, and morphisms by:

subject to the relations:

p(m) q(n) p(1m) q(1n)

P(m) Q(n) P(1m) Q(1n)

Induction and

Restriction
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How do we categorify the Bernstein operators Ba =
∑

n≥0(−1)np(n+a)q(1n)?

”Idea”:

terms  object (i.e p → P and q → Q)

sum +  direct product ⊕
diff −  homological degree shift (−1)

alternating sums  chain complexes

B1 = · · · − p(4)q(13) + p(3)q(12) − p(2)q + p

 · · · → P(4)Q(13) → P(3)Q(12) → P(2)Q→ P := B1

The categorical Bernstein operators are the chain complexes

Ba := . . .P(a+n)Q(1n) → P(a+n−1)Q(1n−1) → . . . ∈ K−(H) a ∈ Z

B∗
a := . . .P(1a+n)Q(n) → P(1a+n−1)Q(n−1) → . . . ∈ K+(H) a ∈ Z
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Nicolle E.S. González Categorical Bernstein Operators 7 / 14

How does Ba act on 1?

Ba(1) = . . .P(2+a)Q(12)(1)→ P(1+a)Q(1)→ P(a)(1) ' P(a)(1).

BaP(1) = . . .P(2+a)Q(12)P(1)→ P(1+a)QP(1)→ P(a)P(1)

' . . .P(2+a)PQ(12)(1)→ P(1+a)PQ(1)→ P(a+1)(1)

⊕ P(2+a)Q(1) ⊕ P(1+a)(1) ⊕ P(a,1)(1)

' . . .P(2+a)PQ(12)(1)→ P(1+a)PQ(1)→ P(a+1)(1)

⊕P(2+a)Q(1) ⊕ P(1+a)(1) ⊕ P(a,1)(1)

'P(a,1)(1)

Theorem (G)

Given λ1 ≥ · · · ≥ λn then

Bλ1 ⊗ · · · ⊗ Bλn(1) = Pλ1,...,λn(1)

B∗λn ⊗ · · · ⊗ B∗λ1
Pλ1,...,λn(1) = 1
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' . . .P(2+a)PQ(12)(1)→ P(1+a)PQ(1)→ P(a+1)(1)

⊕P(2+a)Q(1) ⊕ P(1+a)(1) ⊕ P(a,1)(1)

'P(a,1)(1)

Theorem (G)

Given λ1 ≥ · · · ≥ λn then

Bλ1 ⊗ · · · ⊗ Bλn(1) = Pλ1,...,λn(1)

B∗λn ⊗ · · · ⊗ B∗λ1
Pλ1,...,λn(1) = 1
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Moreover the Bernstein operators satisfy the commutation relations:

Ba−1Bb + Bb−1Ba = 0 B∗
a+1B

∗
b + B∗

b+1B
∗
a = 0 Ba+1B

∗
b+1 + B∗

bB
∗
a = δa,b

Theorem (G)

The categorical Bernstein operators satisfy categorical analogues up to
homotopy.

Ba+1B
∗
b+1 + B∗bB

∗
a = δa, b  Ba+1 ⊗ B∗b+1

∼=

{
B∗b ⊗ Ba[−1] ; a < b

B∗b ⊗ Ba[+1] ; a > b.

and distinguished triangles

Ba+1 ⊗ B∗a+1 → 1→ B∗a ⊗ Ba

B∗a ⊗ Ba → 1→ Ba+1 ⊗ B∗a+1.

The categorical Bernstein operators ARE categorical Bernstein operators.
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Nicolle E.S. González Categorical Bernstein Operators 8 / 14

Moreover the Bernstein operators satisfy the commutation relations:

Ba−1Bb + Bb−1Ba = 0 B∗
a+1B

∗
b + B∗

b+1B
∗
a = 0 Ba+1B

∗
b+1 + B∗

bB
∗
a = δa,b

Theorem (G)

The categorical Bernstein operators satisfy categorical analogues up to
homotopy.

Ba+1B
∗
b+1 + B∗bB

∗
a = δa, b  Ba+1 ⊗ B∗b+1

∼=

{
B∗b ⊗ Ba[−1] ; a < b

B∗b ⊗ Ba[+1] ; a > b.

and distinguished triangles

Ba+1 ⊗ B∗a+1 → 1→ B∗a ⊗ Ba

B∗a ⊗ Ba → 1→ Ba+1 ⊗ B∗a+1.

The categorical Bernstein operators ARE categorical Bernstein operators.
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Where did this story begin?

Symmetric FunctionsHeisenberg Algebra Clifford Algebra

Boson-Fermion Correspondence

”Categorify”

Categorical Fock Space

”Categorify”

Boson-Fermion Correspondence

Heisenberg Category ¿¿Clifford Category??

Categorical Boson-Fermion Correpondence
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The Clifford algebra has generators Ψi ,Ψ
∗
i for i ∈ Z and commutation

relations {Ψi ,Ψj} = 0 and {Ψ∗i ,Ψ∗j } = 0 and {Ψi ,Ψ
∗
j } = δi ,j .

Theorem (Kac–Boson-Fermion correspondence)

The Clifford algebra acts on
⊕

c∈Z t
cSym and

Ψi (t
c f ) = tc+1Bi−c−1(f )

Ψ∗i (tc f ) = tc−1B∗i−c(f )

Cautis and Sussan conjectured a categorical version of Kac’s theorem, i.e.
a categorical Boson-Fermion correspondence.

Theorem (G)

The functors Ψi = QBi−a−1 and Ψ∗i = QB∗i−a satisfy categorical analogues
of the Clifford algebra relations and categorify the Boson-Fermion
correspondence.
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Nicolle E.S. González Categorical Bernstein Operators 10 / 14

The Clifford algebra has generators Ψi ,Ψ
∗
i for i ∈ Z and commutation

relations {Ψi ,Ψj} = 0 and {Ψ∗i ,Ψ∗j } = 0 and {Ψi ,Ψ
∗
j } = δi ,j .

Theorem (Kac–Boson-Fermion correspondence)

The Clifford algebra acts on
⊕

c∈Z t
cSym and

Ψi (t
c f ) = tc+1Bi−c−1(f )

Ψ∗i (tc f ) = tc−1B∗i−c(f )

Cautis and Sussan conjectured a categorical version of Kac’s theorem, i.e.
a categorical Boson-Fermion correspondence.

Theorem (G)

The functors Ψi = QBi−a−1 and Ψ∗i = QB∗i−a satisfy categorical analogues
of the Clifford algebra relations and categorify the Boson-Fermion
correspondence.
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Thank you for listening!
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Example

Suppose i = 0 and Qm = 0 for m ≥ 3. Then Ψ0 ⊗Ψ0
∼= 0

⇔ Cn+1 ⊗ Cn
∼= 0 for all n.

Let n = 0 then ,

so:
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Example

Apply isomorphism QPQ ∼= PQQ⊕ Q then:

C1 ⊗ C0
∼=
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Example

C1 ⊗ C0
∼=

∼= 0


