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Outline

Irreducible Y-semisimple representations of degenerate AHA of type
BC

Some representations defined by the Etingof-Freund-Ma functor

F : tG´ modulesu Ñ t 9Hn ´ representationsu
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Generators and Relations of the dAHA of type BCn

The degenerate affine Hecke algebra 9Hnpκ1, κ2q over the field C is an
algebra with generators

s1, . . . , sn´1, γ, y1, y2, ¨ ¨ ¨ , yn;

and relations
quadratic relations s2

i “ 1, γ2 “ 1,
braid relations sisi`1si “ si`1sisi`1,
sisj “ sjsi,
sn´1γsn´1γ “ γsn´1γsn´1,
siγ “ γsi;
yiyj “ yjyi,
siyi ´ yi`1si “ κ1,
γyn ` ynγ “ κ2.

Let W “ xs1, . . . , sn´1, γy{ „ be the Weyl group of type BC.
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Y-semisimplicity

Since the subalgebra Y “ CtY1, . . . ,Ynu is commutative, then we can
consider Y-eigenspaces. Let M be an 9Hn module, for each function
ζ : t1, 2, . . . , nu Ñ C, define the subspace of M

Mζ “ tv P M|yiv “ ζpiqv for i P r1, nsu.

If
M “ ‘Mζ ,

in this case we call M Y-semisimple.
Each ζ such that Mζ ‰ 0 is called a Y-weight. Mζ is the Y-weight
space of Y-weight ζ and v ‰ 0 P Mζ is a weight vector of weight ζ.
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Intertwining operators

For each i P r0, n´ 1s, define

φi “ rsi, yis,

and for γ, define
φn “ rγ, yns.

For each w P W, it has a reduced expression w “ si1si2 . . . sim . Define

φw “ φi1φi2 . . . φim .

This is well-defined since φ1, . . . , φn satisfy the same braid relations as
s1, . . . , sn´1, γ.
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Facts about intertwining operators

yiφi “ φiyi`1,

ynφn “ ´φnyn.

So
φwMζ Ă Mw¨ζ .

r´1,´2s r´1, 2s r2,´1s

v φ2v φ1φ2v
γ s1

φ2 φ1

Yue Zhao (University of California, Davis) EFM functor and dAHA representations October 27, 2018 6 / 15



Facts about irreducible Y-semisimple representations

Let M be an irreducible and Y-semisimple representation of 9Hn.
Fix a Y-weight vector v, the set tφwv|w P Wu spans M.
Every Y-weight space of M is 1-dimensional.
Let ζ be a weight of M such that ζpiq ´ ζpi` 1q “ ˘1 for some
i P r0, n´ 1s. Then φiv “ 0 for v P Mζ . Let ζ be a weight of M such
that ζpnq “ ˘κ2

2 . Then φnv “ 0 for v P Mζ .

Example: κ2 “ ´2

r´1,´2s r´1, 2s r2,´1s
γ s1
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Etingof-Freund-Ma functor

Set N “ p` q. Let G “ GLN and K “ GLp ˆ GLq. Let g denote the Lie
algebra gln of G and t be the Lie algebra of K. Let t0 be the subalgebra
of t consisting of all the trace 0 matrices.

Fn,µ : tG´ modulesu Ñ t 9Hnp1, p´ q´ µNq ´ representationsu

Let V be the defining representation, define Fn,µpMq “ pM b Vbnqt0,µ,
which is the µ-invariant of the tensor, i.e. xv “ µχpxqv for every x P t0,
where µ P C and χ is a character of t which is

χp

„

X1 0
0 X2



q “ qtrX1 ´ ptrX2.
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Define the actions of si, γ and yk

For a tensor mb vp1q ¨ ¨ ¨ vpnq in Fn,µpMq, where vpiq denotes the i-th copy,
si flips vpiq and vpi`1q and γ acts on vpnq by

J “
„

Ip 0
o ´Iq



yk “ ´Σi|jE
p0q
ij b Epkqji `

1
2

ΣjąkSkj ´
1
2

ΣjăkSkj `
1
2

Σj‰kSkjγkγj `
κ2

2
γk,

where Eij, Sij “ pijq and γk “ SknγSkn.
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Example of G “ GL2, p “ q “ 1

Let M be a finite dimensional irreducible representation of G. The
irreducible representations of GL2 are indexed by young diagrams with
two rows. So the irreducible representation M with the highest weight
„

2
0



is denoted by the young diagram

V

In this case, t0 is only one dimensional with the basis
„

1 0
0 ´1



and we

have the character

χp

„

1 0
0 ´1



q “ 2.

So xv “ µχpxqv for every x P t0 means Fn,µpV q is spanned by

vectors of degree 2µ.
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By Pieri rule, the tensor product decomposes to the sum of finite
dimensional irreducible representations of GL2. They are indexed by
standard skew young tableaux with number 1 and 2.

V b Vb2

“ V 1 2 ‘ V 1
2

‘ V 2
1

‘ V

1 2
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The weight space decomposition of each irreducible is as follows.

V 1 2 “

ˆ

4
0

˙

‘

ˆ

3
1

˙

‘

ˆ

2
2

˙

‘

ˆ

1
3

˙

‘

ˆ

0
4

˙

V 1
2

“

ˆ

3
1

˙

‘

ˆ

2
2

˙

‘

ˆ

1
3

˙

V 2
1

“

ˆ

3
1

˙

‘

ˆ

2
2

˙

‘

ˆ

1
3

˙

V

1 2

“

ˆ

2
2

˙

Yue Zhao (University of California, Davis) EFM functor and dAHA representations October 27, 2018 12 / 15



The set of all the blue pieces spans F2,0pV q. The blue piece in

V 1 2 is the following vector.

ˆ

2
2

˙

“ 2
ˆ

0
2

˙

bv`bv``2
ˆ

1
1

˙

bv´bv``2
ˆ

1
1

˙

bv`bv´`2
ˆ

2
0

˙

bv´bv´

This is Y-weight vector of the weight r´1,´2s.
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Start with this Y-weight vector we will have the other three Y-weight
vectors.

r´1,´2s r´1, 2s r2,´1s r2, 1s
γ s1 γ

Since the space F2,0pV q is of dimension 4, so it is a Y-semisimple

representation.
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The set of all the red pieces spans F2,1pV q. The red piece in

V 1 2 is the following vector.

ˆ

3
1

˙

“

ˆ

1
1

˙

b v` b v` `
ˆ

2
0

˙

b v´ b v` `
ˆ

2
0

˙

b v` b v´

This is Y-weight vector of the weight r´1,´2s.

r´1,´2s r´1, 2s r2,´1s
γ s1
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